Let K be an imaginary quadratic field such that 2 splits into two primes p and p. Let K ∞ be the unique Z 2 -extension of K unramified outside p. Let f be an ideal coprime to p and L be an arbitrary extension of K contained in the ray class field K(p 2 f). Let L ∞ = K ∞ L and let M be the maximal p-abelian, p-ramified extension of L ∞ . We set X = Gal(M/L ∞ ). In this paper we prove the Iwasawa main conjecture for the module X.
Introduction
Let K be an imaginary quadratic field in which 2 splits into two distinct primes p and p. By class field theory there exists exactly one Z 2 -extension K ∞ /K which is unramified outside p. Let L = K(fp 2 ), L ∞ = K ∞ L and L n subextensions such that [L n : L] = 2 n . We will denote the Euler system of elliptic units in L n by C n .
Let f be corpime to p and K ⊂ L ′ ⊂ L be an abelian extension such that L is the smallest ray class field of the type K(fp 2 ) containg L ′ . Analogous to L ∞ we let L ′ ∞ = K ∞ L ′ and L ′ n be the intermediate fields. Let U n be the local units congruent to 1 in L ′ n and U ∞ = lim ∞←n U n . We define the elliptic units in L ′ n by C n (L ′ ) = N Ln/L ′ n (C n ). Let E n be the units of L ′ n congruent to 1 modulo p and define E = lim ∞←n E n . We define further C = lim ∞←n C n , where the overline denotes in both cases the p-adic closure of the groups E n and C n , respectively (i.e. we embedd the groups C and E in the local units and consider their topological closure). We denote by A n the 2-part of the class group of L ′ n and define A ∞ = lim ∞←n A n . Let further Ω be the maximal 2-abelian p-ramified extension of L ′ ∞ . We will use the notation X := Gal(Ω/L ′ ∞ ). There is a natural decomposition Gal(L ′ ∞ /K) ∼ = H ×Γ ′ , where H = Gal(L ′ ∞ /K ∞ ) and Γ ′ ∼ = Gal(K ∞ /K). We will fix once and for all such a decomposition. Let χ be a character of H and M an arbirtrary Λ = Z 2 [[Γ ′ × H]]-module. Let Z 2 (χ) be the extension of Z 2 generated by the values of χ and define M χ = M ⊗ Z 2 [H] Z 2 (χ). So M χ is largest quotient on which H acts via χ. The modules M χ are Λ χ ∼ = Z 2 (χ) [[T ] ]modules, where T = γ − 1 for a topological generator γ of Γ ′ . It is easy to verify that X, A ∞ , E and C are Λ-modules. The main aim of this paper is to understand theit structure in more detail, i.e. to prove the following main conjecture.
Theorem 1.1. Char(A ∞,χ ) = Char((E/C) χ ) and Char(X χ ) = Char((U ∞ /C) χ ).
To do so we will use the following useful reduction step: Let f ′ be a principal ideal coprime to p in K such that ω f ′ = 1, where ω f ′ denotes the number of roots of unity of K congruent to 1 mod f ′ . Lemma 1.2. If Theorem 1.1 holds for K(f ′ p ∞ ) := ∪ n∈N K(f ′ p n ), then it holds for every L ′ ∞ . Theorem 1.1 was addressed before by and for p ≥ 3 and [L ′ : K] coprime to p. Bley proved the conjecture in [Bl] for p ≥ 3 and general ray class fields L ′ under the assumption that the class number of K is corpime to p. The most recent work on this problem is due to Kezuka for the prime p = 2 and K = Q( √ −q) where q is a prime congruent to 7 modulo 8. She proves the main conjecture in the case L ′ = H the Hilbert class field of K. Note that in Kezuka's case the definition of K ensures that K has odd class number. In this arcticle we drop the assumption that the class number has to be odd and allow [L : K] to be even. Our proof will follow closely the methods developed by Rubin and generalized by Bley and Kezuka. We will first construct a suitable measure on the group Gal(L ∞ /K) and use it to define a p-adic L-function. This part of the paper is a summary of section 2 of [Cr-M] . Using properties of the Euler system of elliptic units developed by Rubin and Tchebotarev's Theorem we will prove that Char(A ∞,χ ) divides Char(E/C χ ). In section 4 we will finish the proof by showing that they are generated by polynomials of the same degree and hence are equal.
An analouge of the relation between the galois groups Γ ′ and Gal(L ∞ /K) explained in section 3.2 holds for p ≥ 3 as well. Thus, all results of section 3.2 can be proved for general p and L as well. In fact most of them are in [Bl] . Thus, the proof given here can also be used to prove the main conjecture for general ray class fields L and any prime p without the assumption that the class number of K has to be coprime to p. It is not stated here for the general case as it is given in [Bl] up to the slight modification in section 3.2 and to avoid technical case distinctions for example in section 3.1, where the statements for p ≥ 3 and p = 2 are actually different.
p-adic measures
Before we start defining the p-adic measures we will need later we prove Lemma 1.2.
Proof of Lemma 1.2. Let M ∈ {A ∞ , U ∞ /C, E/C, X}. Let χ be a character of Gal(L ′ ∞ /K ∞ ). By restriction χ is also a character of Gal(K(f ′ p ∞ )/K ∞ ). In particular, it is trivial on Gal(K(f ′ p ∞ )/L ′ ∞ ). As f ′ is coprime to p and none of the characteristic ideals is divisible by 2 (this follows from Theorem 1.1 for K(f ′ p ∞ ) and the fact that Char(X) and Char(A ∞ ) are not divisible by 2 as shown in Theorem 3.21 and Corollary 3.22) the Gal(
. For the rest of the paper we will only consider the case L = K(fp 2 ) for f being coprime to p, principal and such that ω f = 1. Define F n = K(fp n ) and note that L n = F n+2 . We will use the notation F 0 = F = K(f). To define our elliptic units we will use the following exposition from [Cr-M].
Lemma 2.1. [Cr-M, Lemma 2] There exists an elliptic curve E/F which satisfies the following properties.
a) E has CM by the ring of integers O K of K; b) F (E tors ) is an abelian extension of K; c) E has good reduction at primes in F lying above p.
Let φ be a Grössencharacter of K of infinity type (1, 0) and conductor f. Let E/F be the elliptic curve defined in Lemma 2.1. Then we can assume that the Grössencharacter ψ associated to E satisfies
In the sequel we have to describe the points on our elliptic curve explicitely. Therefore, we fix once and for all a minimal Weierstrass model of E. y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 .
(1)
Using the fact that E has good reduction at all primes above p we can assume that the discriminant ∆(E) is coprime to p. Choosing a suitable embedding F ֒→ C we can further assume that there is a complex number Ω ∞ such that the period lattice L of E satisfies L = Ω ∞ O(K) (see [Co-Go] for details).
Let σ ∈ Gal(F/K) be an arbitrary element. Then σ acts on the coefficients of the model (1) and defines another curve E σ over F. The curve E σ satisfies point a)-c) of Lemma 2.1. From point b) we obtain that the two curves E and E σ have the same Grössencharacter. In particular, all the E σ are isogenous to each other.
Let a be an ideal in K coprime to fp and a ∈ a an arbitrary element. By point a) of Lemma 2.1 we see that the multiplication by a is a well defined endomorphism of E and we can consider its kernel E a . We define further E a = ∩ a∈a E a . Let σ a be the Artin symbol of a in Gal(F/K). Then the main theorem of complex conjugation allows us to define an isogeny η σ (a) : E σ → E σσa over F, of degree N(a). This isogeny has the property that for every g coprime to a and any u ∈ E g we have σ a (u) = η σ (a)(u).
Moreover, the kernel of this isogeny is precisely the subgroup E σ a (see proof of Lemma 4] ). Whenever σ is trivial we will drop the subscript σ and write η(a) instead of η id (a).
Let ω be the Neron-differential associated to the model (1) of E then
Due to p. 341] , there exists a unique Λ(a) ∈ F * such that
This defines a map Λ : {ideals coprime to f} → F × satisfying the cocyle condition. Therefore it can be extended to a cocyle of all fractional idelas coprime to f. This cocyle Λ plays also an important role in determining the period lattice for the curve E σa . Let L σa be the period lattice of E σa . Then
(see p. 342] for details).
Recall that we choose an embedding Q into C such that L = Ω ∞ O(K). Choose a place v above p induced by this embedding and let I p be the ring of intergers of the maximal unramified extension of F v . For ervery σ ∈ Gal(F/K) we denote by E σ,v the formal group given by the kernel of the reduction modulo v of E σ /F. Note that the formal parameter of this group is t σ = −x σ /y σ . If σ is trivial we ommit the sub-and superskript σ. With these notations we obtain:
Lemma 2.2. [Cr-M, Lemma 3] There exists an isomorphism β v between the formal multiplicative group G m and the formal group E v , which can be written as a power
We fix once and for all such an isomorphism and denote the coefficient of w in this power series by Ω v . The isogenies η(a) induce homomorphisms η(a) :
As long as a is coprime to f they are even isomorphisms. Define β v a = η(a) • β v . If we denote the first coefficient of β v a by Ω a,v we obtain from Lemma 6] that Ω a,v = Λ(a)Ω v .
These notations and definitions allow us to define our basic rational function: Let α be an integral element in K that is coprime to 6 and not a unit. Let P σ be a generic point on E σ and denote its x-and y-coordinates by x(P σ ) and y(P σ ). Then we define [Co, Appendix, Proposition 1] and [Co, Appendix, Theorem 8] . Recall that we assumed that f = (f ) is principal. By the definition of L we see that ρ = Ω ∞ /f defines a primitive f division point on E.
Using this we define the rational function
where a is an itegeral ideal coprime to f such that a F/K = σ. We fix a set of ideals C 0 such that the artinsymbols of a ∈ C 0 run through every element of Gal(F/K) exactly once and define
. 
There is a one to one correspondece between I p -valued measures on Z × p and the ring of power series I p [[T ]] given by Mahler's Isomorphism
For every a ∈ C 0 we can consider the power series B α,a (w) = h α,a (β v a (w)). Using Lemma 2.3 we obtain that these series correspond to measures on Z 2 . We will denote these measures by ν α,a . Using [Si, Lemma 1.1] together with the second claim of Lemma 2.3 we see that the measures ν α,a coincide with their restriction to Z × 2 . As Gal(L ∞ /F) ∼ = Z × 2 we can see the measures ν α,a as measures on Gal(L ∞ /F). If we extend them by zero outside Gal(L ∞ /F) we can even see them as measures on Gal(L ∞ /K). For a ∈ C 0 let ν α,a • σ a be the pushforward measure of ν α,a on σ −1 a Gal(L ∞ /F). Then we can define
which is by the choice of C 0 a measure on Gal(L ∞ /K). The mesures ν α have nice interpolation propertiees with respect to L-functions when it comes to integration of characters of the form ε = χφ k for a character of finite order χ. Let χ be a character of conductor gp n with g | f and consider the set
With this definition we can define the Gauss-like sum
Thiese notations allow us to state:
where ζ m denotes an m-th root of unity and m = |H|. Then there exists a unique measure ν on Gal(F ∞ /K) taking values in D p such that for any ε = φ k χ, with k ≥ 1 and χ a character of conductor dividing fp n for some n ≥ 0, one has
with a unit u χ only depending on χ. Further, ν α = (Nα − σ α )ν. If χ is a character of H it can be extended linearly to the ring of D p valued measures on Gal(L ∞ /K). It follows that the χ(ν α ) generate the trivial ideal.
Proof. Only the first claim is stated in Theorem 4 of [Cr-M] . But the other claims are stated as intermediate steps in the proof.
To prove the main conjecture we will not only need measures on Gal(L ∞ /K) but also on Gal(K(gp ∞ )/K) for g | f. Therefore we define the pseudomesure
where ν(f)| Gal(K(gp ∞ )/K) is the measure on Gal(K(gp ∞ )/K) induced from ν(f). Note that these pseudomesures are in fact measures as soon as g = (1), while (1−σ)(ν(1)) is actually a measure for every σ in Gal(K(p ∞ )/K). It is an easy verification that in the case ω g = 1 the measure ν(g) is actually the measure one would obtain by starting with an elliptic curve E ′ /K(g) and do all the constructions we did so far directly for Gal(K(gp ∞ )/K) (compare with [dS, comments after II 4.12] ).
Having all these definitions in place allows us to define our p-adic L-function.
Definition 2.5. Fix an isomorphism
and let χ be a character of H. We denote by g χ the prime to p-part of its conductor and define the p-adic L-function of the character χ as
Elliptic units and Euler Systems
It is well known that for every m torsion point P σ m on E σ the elements ξ α,σ (P σ m ) are contained in K(m) [dS, Proposition II 2.4 ]. The following proposition will be very useful in the course of our proof.
Proposition 3.1. Let m be an ideal coprime to αf and P ∈ E σ m a primitive mdivision point. Let r be a prime and m = rm ′ with K(m ′ ) = K(1). Then
The conjugates of P under Gal(K(m)/K(m ′ )) are the set
By the definition of η we obtain further that ξ α,σ (P + Q 0 ) Frobr = ξ α,σσr (η σ (r)(P + Q 0 )) = ξ α,σσr (η σ (r)P ), which implies the claim in this case.
In the case r | m we obtain the claim directly from
Before we can define our Euler system we still need one further concept. Let S n,l be the set of square free ideals of O that are only divisible by prime ideals q satisfying the following two conditions i) q is totally split in L n = K(fp n+2 ) ii) Nq ≡ 1 mod 2 l+1
Lemma 3.2. Let H n = K(p n+2 ). Given a prime q in S n,l there exists a cyclic extension H n (q)/H n of degree 2 l inside H n K(q). Furthermore, H n (q)/H n is totally ramified at the primes above q and unramified outside q. Let V be any subfield
the ramification behavior is the same.
Note that from now on K(q) denotes a ray class field of conductor q, while we denote for any V = K the field constructed in Lemma 3.2 by V(q).
Proof. As q is unramified in
As |O × | = 2 and Nq ≡ 1 mod 2 l+1 we can extract a cyclic extension of degree 2 l over H n . By definition q is totally ramified in H n (q)/H n and the extension is unramified outside q. The rest of the claim is an immediate consequence of the fact that q is unramified in L n .
If r = q i with q i distinct primes in S n,l then we define V(r) as the compositum of the V(q i ).
Having this in place we can define Euler systems.
Definition 3.3. An Euler system is a set of global elements
ii) If q is a prime such that qr ∈ S n,l then
Note that if we fix σ and n and let only r vary we obtain an Euler system in the sense of [Ru-2] for the field L n . So in Rubin's language our Euler-System is a system of Euler systems indexed by the pairs (σ, n).
We now give a precise definition of the elliptic units.
Definition 3.4. Let g | f be a non-trivial ideal. We define the elliptic units C g,n in L n as the group of units (they are units by [dS, Chapter II Proposition 2.4 iii)]) generated by all the ξ α,σ,Qg (P σ n+2 ), where Q g is aprimitive g division point and P σ n is a p n -torsion point on E σ . If g = (1) we define C (1),n as the group generated by all the units of the form s i=1 ξ α i ,σ (P σ n+2 ) m i with s i=1 m i (Nα i − 1) = 0 (they are units by [dS, Chapter II Exercise 2.4] ). We define further the groups C g = lim ∞←n C g,n and the group C(g) = h|g C h . We will also use the notation C n and C instead of C n (g) and C(g) if the conductor is clear form the context. This allows us to prove the following Lemma.
Lemma 3.5. For every u ∈ C g there exists an Euler system such that α σ (n, 1) = u.
Proof. As the properties defining an Euler-system are multiplicative it suffices to consider the case of u being one of the generators, i.e. u = ξ α,σ (P σ n+2 + Q g ). Assume first that g = (1) and let V n = K(gp n+2 ). Define
where l are primes in S l,n . Then α σ (n, 1) = u. It remains to show that α generates an Euler system. Using that σ q = 1 and that Gal(L n (rq)/L n (r)) = Gal(V n (rq)/V n (r)) we obtain:
It remains to check property iii): The group Gal(K(gp n+2 rq)/V n (rq)K(gp n+2 r)) acts only on the q-torsion points. By definition we obtain that |Gal(K(gp n+2 rq)/V n (rq)K(gp n+2 r))| = (Nq − 1)/2 l due to the fact that K(p n+2 g) = K is non-trivial. Using the fact that q-torsion points reduce to zero modulo λ and that Gal(K(gp n+2 rq)/V n (rq)) restricts surjectively to Gal(K(gp n+2 r)/V n (r)) the claim is an easy consequence of the definitions. If g = (1) we choose α σ (n, r) = s i=1 ξ α i ,σ (P σ n+2 + l|r Q l ) m i and proceed as above.
For every prime q ∈ S n,l we fix a generator τ q of G q = Gal(L n (q)/L n ) and define the following group ring elements
. With these definitions we have the following lemma .
Lemma 3.6. [Ru-2, Proposition 2.2] For every Euler system α σ (n, r) there exists a canonical map κ : S n,l → L × n /(L × n ) 2 l such that κ(r) = (α σ (n, r)) Dr mod (L n (r)) 2 l .
For every prime ideal q ∈ S n,l of K we define the free group of ideals in L n
For every y ∈ L × n denote by [y] q the coset of the principal ideal (y) in I q /2 l I q . Let Q be a prime above Q in L n (q) and note that for every x ∈ L n (q) × the element
This map is surjective and the kernel of this map consists precisely of the elements whoseQ valuation is divisible by 2 l . Let now
Note that l Q is a well defined isomorphism. Thus, we can define
With these notations we have the following proposition.
Proposition 3.7. [Ru-2, Proposition 2.4] Let α σ (n, r) be an Euler system and κ be the map defined in Lemma 3.6. Let r be a prime in S n,l and q be a prime in K.
iii) Assume that r = q and that the Q-valuation of (α σ (n, (1))) is divisible by 2 l for all Q above q in L n . Then [κ(r)] q = ϕ q (κ(r/q)). Note that Rubin does not distinguish between the cases ii) and iii). But as Bley [Bl, Proposition 3.3 ] points out, the extra assumption in iii) is necessary.
Let y be any element in the kernel of [·] . Then y = B 2 l C, where B is an ideal only divisible by primes above q and C is corpime to q. Let (β) = BD for some ideal D coprime to q. Then y = β 2 l u and u is coprime to q. In particular, u is a unit at all ideals above q. Thus, ϕ q (u) is well defined and we can extend ϕ q on ker([·] q ).
3.1. An Application of Tchebotarev's Theorem. This section follows ideas of Bley in [Bl] and of Greither in [Gr] . As some steps of the proofs are slightly different for the case p = 2 we will carry them out in detail. The main goal of this section is to prove the following Theorem. iii) For all w ∈ W one has [w] q = 0 and there exists a unit u in Z/MZ such that ϕ q (w) = 2 3c+4 uψ(w)Q.
The proof of Theorem 3.8 relies on several lemmas which we will prove in the following. We fix the following Notation: Let H be the Hilbert class field of M and define M ′ = M(ζ 2M ) and M ′′ = M ′ (W 1/M ).
Proof. As 2 is totally split in K/Q the ideal p is totally ramified in K(ζ 2M )/K and the ramification index is M. If c = 0 then M/K is unramified at p and M ′ /M is totally ramifed at all primes above p. Hence, M ′ ∩ H = M and the claim follows in this case. Assume now that c ≥ 1, then the ramification index of p in M/K is at most | Proof. By definition we have
2M . It follows that r M/2 c ≡ 1 mod 2M and r b ≡ 1 mod 2M for every 0 < b < M/2 c . The element j has a lift to Gal(M ′ /M) of the same order. Let σ be in Gal(M ′′ /M ′ ) and α in M ′′ such that α M = w generates a maximal cyclic subgroup of W . By Kummer Theory there exists an even integer t w such that σ(α) = ζ tw 2M α. If we fix for every generator w ∈ W one such α w we can find a lift of j in Gal(M ′′ /M) such that j(α w ) = α w for our choosen generators w. By abuse of notation we will denote the lift by j as well. We obtain
The extension (M ′′ ∩ HM ′ )/M is clearly abelian. Hence Gal(M ′ /M) acts trivially on the group H = Gal(M ′′ ∩ HM ′ /M ′ ). Together with (5) this implies that H is annihilated by r − 1. On the other hand it is a Kummer extension of exponent at most M. Therefore, H is annihilated by 2 d = gcd(M, r − 1). Then r ≡ 1 mod 2 d . Assume now that r 2 v−d ≡ 1 mod 2 v for some v ≥ d. Then r 2 v+1−d ≡ 1 mod 2 v+1 . This shows that r 2 l+1−d ≡ 1 mod 2 l+1 . Recall that M = 2 l and that r b ≡ 1 mod 2M for all 0 < b < M/2 c . It follows that M/2 c | 2M/2 d and c ≥ d − 1. Therefore 2 c+1 annihilates H. There is a natural surjective projection
Using Lemma 3.9 this gives the claim in the case c = 0.
In the case c = 0 we choose j of order M/2. Then r M/2 ≡ 1 mod 2M and r b ≡ 1 mod 2M for all 0 < b < M/2. Using the same aguments as for the case c = 1 we obtain that the extension M ′′ ∩ HM ′ /M ′ is annihilated by 4. This implies the claim in the case c = 0.
Using the Kummer pairing we see that there is a homomorphism Hence, to prove the lemma it suffices to prove that the kernel of f is annihilated by 2 c+2 . Let u ∈ ker(f ) and choose an element v ∈ M ′ such that u = v M . We define
It follows that δ v is a cocycle. Note that v is unique up to M-th roots of unity. If we
Hence, δ v is uniquely defined up to coboundaries and δ v has a well defined image in H 1 (Gal(M ′ /M), ζ M ). Thus, we have an injective map ker(f ) ֒→ H 1 (Gal(M ′ /M), ζ M ). Therefore it suffices to bound H 1 (Gal(M ′ /M), ζ M ). If the group Gal(M ′ /M) is cyclic we see that ζ M has a trivial Herbrandt quotient. So it suffices to consider
If Gal(M ′′ /M) is not cyclic then it is isomorphic to ∆ × C r where C r is cyclic and ∆ ∼ = Z/2Z. Using the exact sequence
and the fact that the last term is annihilated by 2 c+1 while the first one is annihilted by 2 we obtain that the middle term is annihilated by 2 c+2 proving the lemma. Now we have all ingredients to prove Theorem 3.8.
of Theorem 3.8. Consider the map ι : (Z/MZ)[G] → ζ M defined by a σ σ → ζ a 1 M . Then ι•ψ ∈ Hom(W, ζ M ). Using Lemma 3.11 we see that 2 c+2 (ι•ψ) has a preimage γ in Gal(M ′′ /M ′ ). Let γ 1 = 2 c+2 C H/M and choose δ ∈ Gal(M ′′ H/M) such that δ | H = 2 2c+2 γ 1 and δ | M ′′ = 2 2c+2 γ. Note that this is possible as Gal(M ′′ ∩ H/M) is annihilated by 2 2c+2 due to Lemma 3.10. Using Tchebotarev's Theorem we can find infinitely many primes Q ∈ M of degree 1 such that Q M ′′ H/M = conjugacy class of δ.
Then q is totally split in M ′ /K and Nq ≡ 1 mod 2M. Further δ | H = 2 2c+2 γ 1 | H = 2 3c+4 C H/M . It follows that [Q] = 2 3c+4 C. It remains to prove point iii) of the Theorem. To do so we note that
Using that γ is the preimage of 2 c+2 ι • ψ we see that 2 3c+4 ι • ψ(w) = 1 ⇔ (2 2c+2 γ)w 1/M /w 1/M = 1.
As Q has Artin-symbol 2 2c+2 γ in M ′′ /M we see that
w is an M-th power in M ′′ and Q is not ramified in M ′′ /M. Therefore, [(w)] q = 0. By definition ϕ q (w) = 0 ⇔ w is an M-th power modulo Q. It follows that ord Q (2 3c+4 ψ(w)Q) = u ′ ord Q (ϕ q (w)) for some unit u ′ . From this the claim follows as in [Ru-3, page 403].
3.2. χ-components on the class group and on E/C. Recall that we fixed a decomposition Gal(L ∞ /K) ∼ = Γ ′ × H with H = Gal(L ∞ /K ∞ ). Let γ ′ be a topological generator of Γ ′ . To simplify notation we will use the notation γ ′ n for the element γ ′2 n . Let Γ = Gal(L ∞ /L). There exists a power of 2 such that Γ ′2 m is contained in Gal(L ∞ /K(fp 2 )). In particular L ∞ /L Γ ′2 m ∞ is totally ramified at all primes above p and Γ ′2 m+n = Γ 2 m ′ +n for some m ′ ≤ m independent of n. Recall that A n denotes the class group of L n , i. e. γ ′2 m+n−m ′ acts trivial on A n and L n for n ≥ m ′ . We fixed the notations Λ = lim ∞←n Z p [[Gal(L n /K)]] and A ∞ = lim ∞←n A n . Let χ be a character of H. Then A ∞,χ and (E/C) χ are Λ χ -modules. Let Λ χ,n be the quotient of Λ χ by 1 − γ ′ n . In particular, there is a pseudo-isomorphism
with finite kernel and cokernel.
Lemma 3.12. The kernel of the multiplication of (1 − γ ′ n ) on A ∞ is finite for every n.
Proof. This follows directly from the fact that all finite subextension of L ∞ /K are abelian over K and that the Leopoldt conjecture holds for any abelian extensions of imaginary quadratic fields. In particular, Leopoldt's conjecture holds for every field L n (see [Gr] for more details).
Lemma 3.13. Let χ be a character of H and n ≥ m ′ . Then there is a Λ χ,n homomorphism
with uniformly bounded cokernel. Here, g i is the restriction of g i to level n.
Proof. This proof is very similar to [Gr, Lemma 3.11] : By [Wash, page 281] 
By Lemma 3.12 this quotient is finite and the kernel of φ n is uniformly bounded. Thus, the kernel of the natural projections A ∞,χ /(1 − γ ′ m+n−m ′ )A ∞,χ → A χ,n has a uniformly bounded kernel and we can deduce the claim from (6). Let Γ ′ n 2 ,n 1 = Γ ′2 n 1 /Γ ′2 n 2 for n 2 > n 1 . Recall that Γ ′2 n fixes the field L m ′ +n−m for n > m. Hence Gal(L n 2 −m+m ′ /L n 1 −m+m ′ ) = Γ ′ n 2 ,n 1 . Lemma 3.14. There is a konstant k such that
Proof. The proof follows the ideas of [Ru-1, Lemma 1.2]. But it is restated here as we use weaker assumptions. Let E ′ m ′ +n 2 −m be the p-units in L m ′ +n 2 −m and R m ′ +n 2 −m be the Z p -free group defined by the exact sequence
is totally ramified we see that Γ ′m acts trivially on R m ′ +n 2 −m . We know from [Iw, page 267] that |H 1 (Γ ′ n 2 ,n 1 , E ′ m ′ +n 2 −m )| is uniformly bounded 1 . Further, we have the exact sequence
The first term is annihilated by 1 − γ ′ m and the last term is uniformly bounded. It
, where s is the number of primes above 2. Thus,
1 ) and that Γ ′2 n 1 is precisely the group fixing L m ′ +n 1 −m we see that the subgroup
. Thus, we obtain:
where 2 k is the uniform bound on H 1 (Γ ′ n 2 ,n 1 , E ′ m ′ +n 2 −m ). It is easy to verify that the natural map
is an injection and the claim follows.
Lemma 3.15. Let n ≥ m ′ and consider the projection
There exists an integer k such that 2 k (1−γ ′ m ) annihilates the kernel and the cokernel of π n for all n ≥ m.
Proof. We have an exact sequence
The first and the last term are annihilated by 2 k (1 − γ ′ m ) du to Lemma 3.14 and the claim follows.
Proof. The first claim follows as in [Bl, Lemma 3.5 Claim 2]. Bley gives two references for this proof. Note that the second one is only stated for p > 2 but the proof works for p = 2 as well.
The second claim can be proved as follows:
). Further, for any module M we see that
Using this for U ∞ and Λ the second claim follows.
Lemma 3.17. Let h χ be the characteristic ideal of (E/C) χ . Let n ≥ m. Then there exist constants n 0 , c 1 and c 2 indeependent of n, a divisor h ′ χ of h χ and a Gal(L m ′ +n−m /K)-homomorphism
Proof. From the second claim of Lemma 3.16 and the fact that Λ χ ⊗ Zp Q p is a principal ideal domain we obtain that the submodule E ∞,χ is free cyclic over the ring Λ χ ⊗ Zp Q p . Consider the map
The rest of the proof is exactly the same as [Bl, Lemma 3 .5]; we just have to substitute E n by E m ′ +n−m and (1 − γ ′ ) by (1 − γ ′ m ) in all computations due to the new definition of π n and the fact that Lemma 3.15 is weaker than the corresponding claim in Bley's case. Note that Bley states the lemma only for non trivial characters but this assumption is not necessary.
Lemma 3.18. Let M = L n for some n and let ∆ be a subgroup of Gal(M/K). Let χ be a character of ∆, M = 2 l and A = s i=1 q i ∈ S n,l . Let Q be a divisor of q s in M and let C = [Q] the ideal class of Q. Let B ⊂ A(M) be the subgroup generated by ideals dividing A/q s . Let x ∈ M × /(M × ) M be such that [x] r = 0 for all (r, A) = 1.
Proof. This is [Bl, Lemma 3.8 ]. The proof is the same as [Gr, Lemma 3.12 ].
To prove the central theorem of this section we need the following lemma.
Lemma 3.19. [Gr, Lemma 3.13 ] Let ∆ be any finite group and N a Z p [∆]-module. Let χ be a character of ∆ and n : N → N χ the natural projection. Then there exists
Let q be an element in S n,l and A in I q . Then there is an element v Q (A) in Z/2 l Z[Gal(L n /K)] such that A = v Q (A)Q. The following Theorem allows us to relate the characteristic ideal of A χ to the one of (E/C) χ . The proof follows the ideas of [Bl] .
Theorem 3.20. Let M = L n and G = Gal(M/K) for n large enough. Let χ be a character of H ⊂ Gal(M/K). For 1 ≤ i ≤ k let C i ∈ A χ (M) be such that t(C i ) = (0, 0, · · · , 2 c 3 , 0 · · · , 0) in ⊕ k i=1 Λ χ,m+n−m ′ /(g i ) where t is the map defined in Lemma 3.13 and 2 c 3 annihilates the cokernel. Let C k+1 in A χ be arbitrary. Let d = 3c + 4 where c is defined in Theorem 3.8. Then there are prime ideals
Proof. By Lemma 3.17 there exists an element ξ ′ in im(C n,χ ) with the property ϑ n (ξ ′ ) = (1 − γ ′ n 0 ) c 1 2 c 2 h ′ χ . By approximating ξ with a global elliptic unit we can find ξ ∈ C n such that ϑ n (ξ) = (1 − γ ′ n 0 ) c 1 2 c 2 h ′ χ mod MΛ χ,m+n−m ′ . We can apply Lemma 3.5 to find an Euler system α σ (n, r) such that α σ (n, (1)) = ξ. Let i = 1 and C be a preimage of C i under the map A n → A χ,n . Choose M = 2 n and
where v is such that x v ∈ E n for all x and ε χ is defined as in Lemma 3.19. Then Theorem 3.8 implies that we can find an ideal Q 1 satisfying i) and ii). We know further from Theorem 3.8 that ϕ q (w) = 2 d uψ(w)Q 1 . As α σ (n, (1)) is a unit we can apply Proposition 3.7 and obtain
Projecting to the χ component and using the definition of ε χ we get (7).
We will now define the ideals Q i inductively. Assume that we have already found the Q 1 , . . . Q i−1 and let a i−1 = i−1 j=1 q i . Using point iii) recursively we see
We want to apply Lemma 3.18 with E = 2 c 3 +d , η = (γ ′ n 0 − 1) t i , g = g i−1 , A = a i−1 , and x = κ(a i−1 ). To do so we have to check the assumptions. It follows directly from Proposition 3.7 i) that [x] r = 0 for all r coprime to a i−1 . We now have to check the conditions i)-iii) from Lemma 3.18. i) By definition C = [Q i−1 ] = 2 d C i−1 . The annihilator of t(C) is g i−1 /(2 c 3 +d , g i−1 ) and we obtain that
Thus, we obtain a homomorphism
Let M be as in the previous paragraph and C a preimage of C i . Then Theorem 3.8 gives us a prime ideal Q i satisfying i) and ii) (recall that 2 n | M). Further, ϕ q i (κ(a i−1 )) = 2 d uψ(κ(a i−1 ))Q i . Then we obtain
Projecting to the χ-component and using the definition of ψ i we obtain
which finishes the proof.
To derive a relation between h χ and s i=1 g i we need the following result which is proved in [Cr-M, Theorem 1] and [O-V, Theorem 1.1]. In the case of L being the Hilbert class field and K = Q( √ −q) with q a prime congruent to 7 modulo 8 this is [C-K-L, Theorem 1.1].
Theorem 3.21. Let M/K be an arbitrary abelian extension and Ω/K ∞ M be the maximal p-abelian p-ramified extension of MK ∞ then Gal(Ω/K ∞ M) is finitely generated as Z p -module.
Corollary 3.22. Let M be as above and consider H/K ∞ M (the maximal p-abelian unramified extension of K ∞ M). Then A ∞ = Gal(H/K ∞ M) is finitely generated as a Z p -module Proof. Gal(H/K ∞ M) is a quotient of Gal(Ω/K ∞ M) and therefore finitely generated.
Theorem 3.23. Char(A ∞,χ ) | Char((E/C) χ ).
Proof. The main argument of this proof is ananlogous to [Wash, page 371] . From (7) and (8) 
For every n we can find an element z n such that k i=1 g i z n = ηh ′ χ in Λ χ,n /2 n Λ χ,m+n−m ′ . The z n 's have a converegent subsequence and we obtain that k i=1 g i | ηh ′ χ in Λ χ . By Lemma 3.12 and Corollary 3.22 Char(A ∞,χ ) is corpime to η and the claim follows.
Corollary 3.24. Char(A ∞ ) | Char(E/C) Proof. As Theorem 3.23 holds for all characters and Char(A ∞ ) is corpime to 2 this is immediate.
Characteristic ideals and the main conjecture
Consider the exact sequence
where X = Gal(Ω/L ∞ ). Then (9) Char(A ∞ )Char(U ∞ /C) = Char(X)Char(E/C).
From Corollary 3.24 we deduce (10) Char(X) | Char(U ∞ /C).
In the following we will establish a relation between p-adic L-functions and elliptic units to show that Char(X) is in fact equal to Char(U ∞ /C). Let u ∈ U ∞ and let g u (w) be the Coleman power series of u (see [dS, I Theorem 2.2] ). Letg u (W ) = log g u (W ) − 1 p w∈ Ep log g u (W ⊕ w). There exists a measure ν u on Z × p havingg u • β v as characteristic series [dS, I 3.4] . Recall that D p = I p (ζ m ) and let Λ(D p , Γ ′ × H) be the algebra of D p -valued measures on Γ ′ × H. Define
Note that this construction of measures coincides with the one from section 2 for elliptic units. Proof. By [dS, I Theorem 3.7 ] it suffices to prove that the completion of L ∞ at all primes above p contains only finitely many 2-power roots of unity. But this follows from [Ke, proof of Proposition 4.3.10] .
For every g | f there is a map ι(g) : U ∞ (K(gp ∞ )) → Λ(D p , Gal(K(gp ∞ /K))). Note that there are natural restriction and corestriction maps π f,g and η f,g such that [dS, page 100] for details).
Proposition 4.2. Let χ be a character of H of conductor g or gp. The module
Proof. Analogous to [dS, III Lemma 1.10]. As χ has conductor g or gp it follows that
It is immediate that σ∈Gal(K(gp ∞ ))/K(hp ∞ )) χ(σ) = 0. Hence,
).
If ω g = 1 we can construct the mesure ν(g) as in section 2 and obtain that ι(g)(C g ) is the ideal generated by J ν(g) where J is the ideal generated by all the ν α . If ω g = 1 there exists an integer k such that ω g k = 1 and then we can define the measure ν(g k ). But by (4) we have ν(g) = ν(g k ) and N g k ,g is surjective on the elliptic units. So in both cases the image under ι(g) is precisely J ν(g).
If the norm N f,g : C(f) → C(g) is not surjective it follows that the cokernel of the module χ • ι(g) • N f,g (C(f)) in χ • ι(g)(C(g)) is annihilated by [K(fp ∞ ) : K(gp ∞ )] and the product l|f,l∤g (1 − χ(σ l )σ −1 l | Γ ′ ). These elements are certainly coprime and we see that χ • ι(f)(C(f)) ∼ χ • ι(g)(C g ) due to (11), where A ∼ B means that A and B are pseudoisomorphic. But the χ(ν α ) are coprime due to Theorem 2.4 and the claim follows for g = (1).
Assume now that g = (1). Let τ ∈ Gal(K(p ∞ )/K) then the elements ξ α,σ (P σ n ) τ −1 are norms of elliptic units in K(hp n ), where h is a prime having Artin symbol τ −1 in Gal(K(p ∞ )/K). It follows that the element ξ α,σ (P σ n ) τ −1 corresponds to the measure ν α (τ − 1)ν(1) under ι(1). The group C (1) is generated by products s i=1 ξ α i ,σ (P σ n ) m i with m i (Nα i − 1) = 0. Let ν π be the measure corresponding to such a product. Then we obtain (τ − 1)ν π = m i ν α i (τ − 1)ν(1). As (τ − 1)ν(1) is not contained in the augmentation of Λ(D p , Gal(K(p ∞ )/K)) we obtain that the ideal generated by the m i ν α i is the augmentation ideal and that ι((1))(C (1) ) = Aν((1)), where A denotes the augmentation of Λ(D p , Gal(K(p ∞ )/K)). Analogously to the case g = (1) we can conclude that χ•ι((1))•N f,(1) (C(f)) has finite index in χ•ι((1))(C (1) ). Hence, it suffices to consider the image χ • ι((1))(C (1) ). If χ is a non-trivial character, then χ(A) contains χ(τ ) − 1 as well as γ ′ − 1. Thus χ • ι((1))(C (1) ) ∼ χ(ν(1)). If χ is the trivial character then χ • ι((1))(C (1) ) = (γ ′ − 1)χ(ν(1)). Proof. Let g be such that the conductor of χ is gp or g. By Lemma 4.1 we see that Char(U ∞ /C) equals Char(Λ(D p , Gal(K(p ∞ )/K))/ι(f)(C(f))). But the latter equals χ(ν(g)) if χ is non-trivial and (1 − γ)χ(ν(1)) if χ is trivial. But these are precisely the measures used to define L p (s, χ). As G κ s χd(1−γ) e ν(g) = G κ s d(1−γ) e χ(ν(g)) , where e = 1 if χ is trivial and e = 0 in all other cases, the claim follows. 4.1. Matching the invariants. In the following we will show how the λ-and µinvariants of F (w, χ) match with the ones of X. This section follows closely Section 4 of [Cr-M] . Recall that L n = K(fp n+2 ). To start with we need the following result from [Cr-M] . Let t be such that K t = F ∩ K ∞ .
Corollary 4.4. If G ∈ Z p [[Γ ′ ]] is a characteristic power series for Gal(M(L ∞ )/L ∞ ), then for all sufficiently large n one has µ(G)2 t+n−1 + λ(G) = 1 + ord 2 h (L n ) R p (L n ) ω (L n ) ∆ p (L n /K) / h (L n−1 ) R p (L n−1 ) ω (L n−1 ) ∆ p (L n−1 /K) .
]. Consider any character ρ of Γ ′ of finite order. We say level (ρ) = m if ρ (Γ ′ ) 2 m = 1, but ρ (Γ ′ ) 2 m−1 = 1.
To determine the invariants of the Iwasawa function F (w, χ) we need the following two results ([dS, Chapter III, Lemma 2.9] and [dS, Chapter III, Proposition 2.10]). where ρ(F ) means that the action of ρ is extended to D p [[Γ ′ ]] by linearity and ord p is the valuation on C p normalized by taking ord 2 (2) = 1.
Proposition 4.6. For any ramified character ε of Gal(F ∞ /K), we let g be the conductor of ε and g the least positive integer in g ∩ Z. We define G(ε) as in Theorem 2.4 and we define S p (ε) by S 2 (ε) = − 1 12gω g σ∈Gal(K(g)/K) ε −1 (σ) log ϕ g (σ).
Let A n be the collection of all ε for which n is the exact power of p dividing their Artin conductor. Then for all sufficiently large n one has
ω (L n−1 ) ∆ p (L n−1 /K) .
Using [Cr-M, Theorem 5], for a character ρ of Γ ′ of sufficiently large finite order, one has ρ(F (w, χ −1 )) ∼ G(χρ)S 2 (χρ) if χ = 1; (ρ(γ 0 ) − 1) G(χρ)S 2 (χρ) if χ = 1, where u ∼ v denotes the fact that u/v is a p-adic unit. Let It follows that for all sufficiently large n one has level(ρ)=t+n ρ(F ) ∼ 2 ε=χρ level(ρ)=t+n G(ε)S p (ε), (12) since in the product on the right hand side we range over all χ (including χ = 1) and level(ρ)=t+n (ρ(γ 0 ) − 1) = 2.
As L 0 /F is ramified at p of degree 2 and p is unramified in F/K we see that a character in A n+1 is of level t + n. Combining Corollary 4.4, Lemma 4.5 and (12) we obtain that µ (F ) 2 n+t−1 + λ(F ) = µ(G)2 t+n−1 + λ(G) ∀n ≫ 0
This implies together with Theorem 3.21
Theorem 4.7. µ(G) = µ(F ) = 0 and λ(G) = λ(F ).
4.2.
Proving the main conjecture. In this section we use all the results proved before to prove the main conjecture. Proof. The first claim follows directly from (10) and Theorem 4.7. From (9) we also obtain that Char(A ∞ ) = Char(E/C). Further Theorem 3.23 establishes that Char(A ∞,χ ) divides Char(E/C) χ . Both togehther imply the second claim.
This has also the following consequence:
Theorem 4.9. Char(X χ ) = Char((U ∞ /C) χ ) for any χ.
Proof. For any Λ-module we denote by M χ the largest submodule in M ⊗ Zp Z p (χ) on which H acts via χ. By [Ts, page 5] there exists a homomorphism between M χ and M χ such that the kernel and the cokernel are annihilated by |H|. As none of the characteristic ideals involved is divisible by 2 we can consider the charactersitc ideals of M χ instead of M χ for any M in {A ∞ , U ∞ /C, X, E/C}. The sequence 0 → (E/C) χ → (U ∞ /C) χ → X χ is exact. Let e χ in Q p (χ)[H] be the idempotent induced by the character χ. Then e χ |H| is an element in Z p (χ)[H]. In particular, e χ |H|M ⊂ M χ . It follows that the cokernel of the natural homomorphism φ χ : X χ → A χ ∞ is annihilated by |H|. As A ∞ has bounded rank it follows that the Coker (φ χ ) is finite. The module ker(φ χ ) equals X χ ∩ im(U ∞ /C). Again the exponent of X χ ∩ im((U ∞ /C))/im((U ∞ /C) χ ) is bounded by |H|. Hence, Char(A χ ∞ )Char(im((U ∞ /C) χ ) = Char(X χ ). Using the exactness of the sequence above we obtain Char(A χ ∞ )Char((U ∞ /C) χ ) = Char((E/C) χ )Char(X χ ). The claim follows now from Lemma 4.8.
The second claim of Lemma 4.8 and Theorem 4.9 prove Theorem 1.1 for L ∞ .
